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1. Introduction 

The hypergeneralized Heun equation (HHE) is a second order differential equation of 
the form 

y"{z) + ^ 1^1 y\ Z ) + A? + ^ ± ^ ± ^ y {z) = 0. (1.1) 

where zq — 0, Z\ — 1, Z2, z 3 , z 4 G C\{0, 1} and fio,---fi4, Po,---,^3 are arbitrary 
complex numbers. Moreover, Zi is a simple singularity with exponents {0,//j} for each 
2 = 0, • • • , 4 and oo is also a simple singularity. To underline the importance of equation 
(11. ip we recall that it represents a generalization of the equation studied by Schmidt in 
P and it contains the generalized Heun equation [21 [3] as a confluent special case. The 
aim of our work is to provide the first example where the HHE arises in physics. In par- 
ticular, we are interested in the role played by ( 11.11) in QFT theory in curved space-times. 



2. The Dirac equation in the Kerr-Newman-deSitter metric 



In Boyer-Lindquist coordinates (t, r, (p) with r > 0, < $ < 7r, < Lp < 2tt the 
Kerr-Newman-deSitter metric is jl] 
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where A is the cosmological constant and M, a and Q are the mass, the angular 
momentum per unit mass and the charge of the black hole, respectively. In what follows 
we assume that the function A r has four distinct zeros. According to Penrose and 
Rindler [5] the Dirac equation for two spinors P A and Q A is given by 







(2.1) 



where we used Planck units h — c — G — 1. Furthermore, V Aj4 ' is the symbol for 
covariant differentiation and m e is the particle mass. The Dirac equation in the Kerr- 
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Newman-deSitter geometry was computed and separated by Khanal [I] . If we make the 
following ansatz for the spinor \I/ 
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with a; G R and k e Z the energy and the azimuthal quantum number of the 
particle, respectively the equations in ( 12. II) lead to the following coupled linear system 
of first order PDEs 
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2A$ Ci/ 2 G 2 = — V2m e (ir — acos#)iq 



P o = T" + i 

dr 



d .5K(r) 



A/2 



d 
dr 
d 



A r ' 
.HK(r) 



Pi/ 2 = X + i-r^ + 



A., 



Hif(tf) 1 

H — H ^= 

d$ A tf 2v/A7sin^ 



K(r) = aife - w(r 2 + a 2 ), 
1 dA r t d 

d(y/A^sm$) 



2A r dr 



r\ _ Ji. 

^1/2 J„q 



d S#(tf) 



+ 



1 



d0 

d( v / A7sin^) 



1 A r 

H($) 



1 dA r 
2A r dr ' 

aw sin — 



sin d ' 



(2.2 

(2.3 
(2.4 

(2.5 

(2.6 
(2.7 

(2.8 
(2.9 



d& A$ ' 2VA^sin?9 
By means of the further ansatz 

FiM) = i2_(r)S_(#), F 2 (r,0) = i2+(r)S + (tf), 
Gi(r,i?) = i2 + (r)S_(tf), G 2 (r, 0) = R_(r)S+(0) 

the Dirac equation decouples into the following systems of linear first order differential 
equations for the radial R± and angular components S± of the spinor \l/ 



T>q —im e r — A 
im e r — A 
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(2.10) 
(2.11) 



\ t~ 1/2 

where A is a separation constant. In the case A = a = the components S± of the 
angular eigenfunctions are spin-weighted spherical harmonics [6l [7] whereas for A = 
and o ^ the radial and angular eigenfunctions satisfy a generalized Heun equation 
[31 [8]. In the next section we show that in the more general case A^O^a the functions 
R± and S± satisfy the hypergeneralized Heun equation (II. ip . 



4 



3. Reduction to the HHE 



By means of a suitable transformation we show that the radial and angular 
eigenfunctions satisfy a hyper generalized Heun equation. Decoupling the radial system 
( 12. 10}) in favor of R- we get 

im P A r 
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Analogously, if we decide to eliminate S + in (12.111) we obtain 
I am e sin $ A$ 
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3.1. The radial equation \3.1\) 

Let 7*1, • ■ ■ , r 4 e C be the roots of the polynomial equation A r = 0. We suppose that 
?*j 7*j for each i ^ j with z,j = l,---,4. Moreover, let us introduce the notation 
7*jj := Ti — Tj. For the reduction to the HHE it is convenient to make the variable 
transformation 

r — 7*i 

z = 

r 2 - 7*i 

mapping 7*1 to zero and r 2 to one. This allows to write the polynomial A r in a very 
compact form as follows 
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Finally, taking into account that T> , Z>{, 2 are given by (12. 6p and (12. 7p equation (13.11) 
becomes 

^ r + P(z)^ + Q(z)R_ = (3.3) 
az z az 

where for future convenience we write P(z) and Q(z) in terms of partial fractions as 
follows 
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-4r 52 [A 2 + m\{r\ + r 21 ) 2 ] } , 
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It can be checked that Ti + T 2 + T 3 + T 4 + T 5 = 0. This property of the coefficients Ti 
will ensure at the end that the point at infinity is a regular singular point. Finally, by 
transforming R_ according to 

R-(z) = z ai (z - l) a2 (z - z 3 ) aa (z - z A ) a *R_(z) 

and requiring that 2af — «j + 2Bi = for each i — 1, • • • , 4 equation (13.31) becomes 

^ + P(*)^ + Q(z)iL = (3.4) 
with 

~ . . 1 + 4«! 1 + 4a 2 1 + 4a 3 1 + 4a 4 1 

P(z) = h — ; — + — r + 



Q(z) 



2z 2(z - 1) 2(z - z 3 ) 2(z -z A ) z - z 5 
i o 2 o 3 (_/ 4 05 



Z 2 — 1 z — z 3 z — z 4 z — z 5 
where 

q;i a.\ + Aa>iOLi + a 4 (2T% — a,\ — 4aia 2 — a 2 )z 3 — («i + 4aio; 3 + a 3 ) 
Ci = 1 , 

z§ 2z 4 2z 3 

_ a 2 a 2 + 4a 2 a 4 + a 4 (2T 2 + «i + 4a 4 a 2 + a 2 )(^ 3 - 1) - (a 2 + 4a 2 a 3 + a 3 ) 

2 ~ z 5 -l 2(z 4 - 1) + 2(z 3 - 1) ' 
q a s j_ "i + 4aia 3 + a 3 a 2 + Aol 2 ol 3 + a 3 a 3 + 4a 3 o; 4 + a 4 

3 3 z 3 - z 5 2z 3 2(z 3 - 1) 2(z 3 - z 4 ) 

a 4 «i + 4«!a 4 + a 4 a 2 + 4a 2 a 4 + a 4 a 3 + 4a 3 a 4 + a 4 

^4 = ?4 1 ~ 1 777 77 h 



— ^5 



z 4 — z 5 2z 4 2(z 4 — 1) 2(z 4 — z 3 ) 

a\ 0(2 a 3 a 4 



z 5 z 5 ~ 1 ^5 — ^3 ^5 — ^4 

Since 
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Cn = T x + T 2 + T 3 + T 4 + T 5 = 

n=l 

equation H3.4[) reduces to the hypergeneralized Heun equation (II. ip . 



3.2. The angular equation h'3.2\) 



Let a := Aa 2 /3 and (3 := \/{am e ). If we introduce the variable transformation 
z = (1 + cos$)/2 equation ( 13. 2ft becomes 
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The above differential equation can be written in a more amenable form if we make a 
partial fraction expansion of its coefficient functions. Thus, we obtain 
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Also in this case we have that 71 + 72 + 73 + 74 + 75 = which ensures that the point 
at infinity is a regular singular point. Finally, if we transform S- according to 
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Finally, since 
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Y,Cn = Ti + T 2 + T 3 + T 4 + T 5 = 

71=1 

equation (I3.6P reduces to the hypergeneralized Heun equation (11. ip . 



4. Conclusions 



In this paper we have related the radial and angular Dirac equations for a massive 
fermion in the Kerr-Newman-deSitter geometry to a HHE. In view of the results obtained 
in [3] since the Kerr-Newman-deSitter metric becomes the Kerr-Newman metric in the 
limit of a vanishing cosmological constant it follows that the generalized Heun equation 
is a confluent case of the HHE for A — > 0. Finally, since it has been proved in [9j that the 
neutrino equation can be separated in the class V of algebraically special Petrov type-D 
vacuum solutions with cosmological constant whereas the massive Dirac equation can 
be separated only in the Carter's subclass A our result rises the question if the separated 
neutrino and massive Dirac equations can be also reduced to a HHE in such more general 
metrics. We reserve the study of this problem for future investigations. 



References 

[1] Schmidt H 1979 Zur Theorie der Fuchschen Differentialgleichung 2. Ordnung mit 5 singulren 

Stellen und der Differentialgleichung der Ellipsoidfunktionen, PhD Thesis, University of Koln 
[2] Schafke R and Schmidt D 1980 SI AM J. Math. Anal. 11 848-75 

[3] Batic D, Schmid H and Winklmeier M 2006 J. Phys. A: Math. Gen. 39 12559-12564 
[4] Khanal U 1983 Phys. Rev. D 28, 1291-1297 

[5] Penrose R and Rindler W 1986 Spinors and Space-Time vol 1 (Cambridge: Cambridge University 
Press) 

[6] Newman E T and Penrose R 1966 J. Math. Phys. 7 863-70 

[7] Goldberg J N, Macfarlane A J, Newman E T and Sudarsan E C G 1967 J. Math. Phys. 8 2155-61 
[8] Batic D, Schmid H and Winklmeier M 2005 J. Math. Phys. 46 012504-39 
[9] Kamran N and McLenaghan R G 1984 J. Math. Phys. 25 1019-27 



